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1. INTRODUCTION 
In 1985 0. Schlomilch presented the following double-inequality as 
a problem to the readers of the French journal “Nouvelles Annales de 
Mathematiques”: If n 2 1 is an integer, then 
log(n+l)< f: &Cl+log(n+l). (1.1) 
i=l ’ 
H. Lemonnier [4] pointed out that an application of the elementary 
inequalities 
igl fti) < j; f(x) dx < ‘il f(i) 
i=O 
(1.2) 
(which are valid for all strictly decreasing non-negative functions f) leads 
not only to a proof of (1.1) but relines the right-hand side of (1.1) for n > 1. 
Indeed, setting f(x) = l/( 1 + x) double-inequality (1.2) yields for n > 1 
log(n+ 1)< i f< 1 +logn. (1.3) 
i=, 
The aim of this paper is twofold. First we prove a sharpening of the 
Schlomilch-Lemonnier double-inequality (1.3) and thereafter we provide 
two generalizations of (1.3). 
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2. A REFINEMENT 
If we define for n z 1 
x,= i : log(n+l) 
i=l ’ / 
and n+l 
y,= c. f log(n+l) 
i=2 
then the inequalities (1.3) can be written as 
y,< 1 <x,. (2.1) 
In what follows we refine (2.1) by establishing that (x,) is strictly 
decreasing and (yn) is strictly increasing. We note that (x,) and (y,) are 
multiplicative analogues of the well-known sequences 
a,= i :--log(n+ 1) 
n+l 
and 
i= I 
b,= C f-log(n+l), 
i=l 
where (a,) is strictly increasing, (b,) is strictly decreasing, and both 
sequences converge to Euler’s constant. 
THEOREM 1. For all natural numbers n we have 
Yn<Yn+1 < lim y,=l= lim xk<x,+r<x,. 
k-cc k+cc 
Proof. It suffices to show that (x,) is strictly decreasing and that (y,) 
is strictly increasing. 
Using Clzi (l/i) = Cr= r (l/i) + l/(n + 1) the inequality x, + , < x, can be 
written as 
&log(n+ l)<log zs,f. 
Direct calculation shows that (2.2) is true for n = 1. If we prove that 
n+2 
n+olog(n+ I)< f: f 
i=, 
(2.2) 
(2.3) 
holds for n 2 2, then (2.2) follows immediately from (2.3) and the 
elementary inequality l/(n + 2) < log((n + 2)/(n + 1)). 
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We establish (2.3) by induction on n. For n = 2, inequality (2.3) is true. 
Since log( 1 + l/(n + l))“+ ’ < 1 we get for n > 2, 
n+l 
<n+3<n+2+log(n+l) 
which implies 
n+3 
-log(n+2)<& 
n+2 
[l+(n+2)log(n-l-l)]. (2.4) 
Hence, from the induction hypothesis (2.3) and from (2.4) we conclude 
The inequality yn < yn + I can be written as 
n+l 
log(n+2) 1 k<log(n+l) 
i=* 1 1 
or 
(2.5) 
Easy calculations reveal that (2.5) holds for n = 1 and for n = 2. We will 
show that the inequality 
(2.6) 
is valid for n > 3, then (2.5) follows from (2.6) and from 
log((n + 2)/(n + 1)) < l/(n + 1). 
For n = 3 inequality (2.6) is true. Because of log(1 + l/(n + l))nf2 > 1, 
we obtain for n > 3, 
(n+2)log 1+ 
( h)“” 
>n+2>n+3-log(n+l) 
which leads to 
n+2 
n+3 log(n + 2)>---& [l + (n + 1) log(n + l)]. (2.7) 
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Finally, from the induction hypothesis (2.6) and from (2.7) we get 
Remarks. (1) The following interesting sharpening of (1.3) is due to 
P. Ivady: If n >, 2, then 
2logn< i i<logn+nlog 1+; . 
t=l ( ) 
A proof as well as a refinement of this result can be found in [8]. 
(2) D. D. Adamovii: and M. R. Taskovic [2] proved that for natural 
numbers p and q with q >p that the sequence 
%(P,4)’ f ; (nz 1) 
i=pn+ 1 
is strictly increasing in n. This leads to 
cQ(P, 4) G %(P, 4) -=z log;. (2.8) 
A counterpart of this result was given by J. E. PeEariC [S]: If p and q 
are positive integers, then 
(P+Y)“-l 1 
P?t(P,q)= 1 ; (n21) 
r=pn 
is strictly decreasing in n which implies 
1% < B,(P, 4) d B,(P, 4). (2.9) 
Setting p = 1 in (2.8) and (2.9) we obtain refinements of the left-hand and 
right-hand sides of (1.3). 
3. Two EXTENSIONS 
In 1979, precisely 120 years after the publication of (1.3), Zh. B. 
Linkovskii presented in a private communication to R. P. Boas the 
following generalization of the right-hand side of (1.3): 
(3.1) 
where Ui (i= 1, . . . . n; n > 2) are positive real nuITlberS and Sk =cf= i Ui 
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(k = 1, . . . . n). Linkovskii used the inequality log( 1 + X) > x/( 1 + x) (x > 0) 
to provide a short proof of (3.1) by induction on n. It is natural to ask: 
Does there exist a converse of Linkovskii’s inequality which leads to an 
extension of the left-hand side of (1.3)? 
In the first part of this section we give an affirmative answer to this ques- 
tion by establishing not only a generalization but also a (slight) sharpening 
of the first inequality of (1.3), and further we will prove an extension of 
(3.1) by using an elegant simple method which was kindly communicated 
to us by R. P. Boas. 
THEOREM 2. Let ai (i= 1, . . . . n; n 3 2) be positive real numbers and let 
sk = Cr= 1 ai (k = 1, . . . . n). Then we have 
” m 
z2 ;s ai j - 1 <log? (mENO, si 
and under the additional assumption that a, = max, G idnai we obtain 
(3.2) 
(3.3) 
Proof Let i > 2; then we have 
hence 
j2 fJ’li< i log&=log~. I i=2 
Next we prove inequality (3.3) If we set 
yi+ (i= 1, . . . . n - l), 
then (3.3) is equivalent to 
n-1 
zn-1= 1 
Yi 
i=l l +y, + “’ +yi 
-log I+&,+ 
[ 
... +y”_,) 1 b-0 (3.4) 
for O<y,<l (i=l,...,n-1). 
We shall prove 
(i) z, > z, _ 1 for n > 2, and 
(ii) z1 > 0. 
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The validity of (3.4) for all n 2 2 follows from the truth of (i), (ii). First 
we establish (i). We have 
Yn 
Z”-Z”-l==l+yl+ ... +y, 
-log 
C 
l+;(Yl+ .‘. +Yn) I 
Setting 
+log l+i(y,+ 
[ 
... +y,-1) 1 . 
b=i(y,+ ... +Y”-I) and Y=Y” 
we will prove 
fb(Y)= y 1+2b+y 
-log(l+b+~y)+log(l+b),O 
for b > 0 and 0 < y 6 1. A simple calculation reveals that the functions 
a2fb(yWy2 and 
have the same sign. Since y --t gb( y) is convex on [0, l] and because of 
gb(0) < 0 and gb( 1) < 0 we obtain 
gb(Y) < 0 for O<y<l. 
Hence, y +fb(y) is concave on [0, 11 and we get 
fb(Y)~min{fb(0),fb(l)} (3.5) 
for O<y<l. We define for b>O, 
W)=fbU)=2(I:b) -log -+b +log(l+b). (; ) 
Since h is strictly decreasing on (0, co) we conclude 
h(b)> lim h(b)=0 for b > 0. 
b-.m 
Because of fb(0) = 0 and fb( 1) > 0 we obtain from (3.5), 
fb(Y) a0 for O<y<l 
which we had to show. 
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Inequality (ii) is equivalent to 
Yl 
cp(y,)= 1 +yl --log l+? >o [ 1 for O<y,<l. 
The validity of this inequality follows immediately from the fact that cp is 
strictly concave on [O, 11, and from 
4@) = 0 and ~(l)=~-log~>o. 
This completes the proof of Theorem 2. 1 
Remarks. (1) If we drop the assumption “a, = max, c iSnui,” then 
inequality (3.3) is in general not true. Indeed, if we set a, = . . . = a, = 1 
and a, > 0, then (3.3) becomes for n 2 2, 
ln-l?” 1 
log -+- [ 1 2 2u, -a i=,ur+i-l 
which is false for all sufficiently small a,. 
(2) An application of Theorem 2 leads to upper and lower bounds for 
the power series 2,: I zizi (0 <z -=z 1) where zi denotes the number of 
(positive) divisors of i 
We use (3.2) with m = 1, and (3.3) with ui=zi-‘, 0 cz< 1. We obtain 
log[f(1+~)]<~~2&<log~. (3.6) 
Letting n tend to cc and taking into account that the Lambert series 
CE 1 (zy(l -zi)) is equal to C,E 1 tizi (see [3, pp. 4484521) we conclude 
from (3.6) after elementary manipulations, 
Concerning the importance of C,“= i z,z” in Number Theory K. Knopp 
wrote in 1947, 
In this curious power series, the terms Z” whose exponents are prime numbers are 
distinguished by the coefficient 2. It was due to the misleadingly close connection 
between this special Lambert series and the problem of primes that this series . 
played a considerable part in the earlier attempts to deal with this problem. But 
nothing of importance was obtained in this manner for some time. Only quite 
recently N. Wiener succeeded by this means in proving the famous prime number 
theorem. [3, p. 4511 
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(3) Starting with the inequality 
logx<x- 1, O<x<l, (3.7) 
we can easily prove two sharpenings of (3.1). First we set 
and conclude from (3.7), 
~~~=(~-1)[1-~~*~]‘,“-1)108[(“-1)~~*~]~ (3.8) 
I I I 
and from the harmonic mean-geometric mean inequality we get 
(3.9) 
Combining (3.8) and (3.9) we obtain 
~*~<(n-l)log[(n-l)~~~~]<log~ (n>l). (3.10) 
In (3.7), set x = (a,/s,)“+” and apply the arithmetic mean-geometric 
mean inequality. We obtain the relation 
which yields 
i~~~~(~-l)[l-[~]l’in~l)]<log~ (n > 1). (3.11) 
I n a1 
(4) The next inequality, which is closely related to (3.3), was 
published by N. H. Abel [ 1 ] in 1828, 
log ’ ai+l SF<,_- (n > 1). 
i-1 si 
A simple proof as well as a refinement of this result was given by 
R. Redheffer [6]. 
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Recently, the following interesting variant of Linkovskii’s inequality was 
published (see [7]), 
(3.12) 
which is valid for all positive real numbers ai (i= 1, . . . . n; n > 2) with 
tk = a, - Cf= 2 ai (k = 1, . . . . n) and t, > 0. 
In the final part of this paper we provide a converse of this inequality 
which leads together with (3.12) to another generalization of the 
Schlomilch-Lemonnier double-inequality. 
THEOREM 3. Let ai (i= 1, . . . . n; n > 2) be positive real numbers and let 
t, = a, -If= 2 ai (k = 1, . . . . n). If t,, > 0, then 
Proof (see [7]). In the double-inequality 
(3.13) 
x<log 
1 x 
jq<jqT O<x<l, 
we set ~=a~+, /ti (ldi<n--l), and sum from i=l to i=n-1. The 
inequalities (3.13) are obtained. 1 
Remark. Setting a, = n, a2 = . . . =a,= 1 in (3.13) we get (1.3) written 
in the form 
1 
i !ilogncfli17. 
ix2 ’ i=l 1 
ACKNOWLEDGMENT 
We are very grateful to Professor R. P. Boas for his support in the preparation of this 
paper. 
REFERENCES 
1. N. H. ABEL, Note sur un m&moire de M. Olivier, J. Reine Angew. Math. 3 (1828), collected 
works Vol. I, 399-402. 
2. D. D. ADAMOVIC AND M. R. TASKOVIC, Monotony and the best possible bounds for some 
sequences of sums, Univ. Beograd. Pub/. Elekfrotehn. Fak. Ser. Mat. Fiz. 247-273 (1969), 
41-50. 
328 ALZER AND BRENNER 
3. K. KNOPP, “Theory and Application of Infinite Series,” Dover, New York, 1990. 
4. H. LEMONNIER, Note sur les questions 453 et 458, Now. Ann. Math. 18 (1859), 15tF153. 
5. J. E. PEI?ARI~, On some inequalities for convex functions and some related results, Mat 
Bilten %i, Nos. 31-32 (1981-1982) 29-36. 
6. R. REDHEFFER, Recurrent inequalities, Proc. London Math. Sot. (3) 17 (1967), 683-699. 
7. Solution of Problem 69. H, Math. Gaz. 70 (1986), 153. 
8. Solution of Problem 925, Elem. Math. 41 (1986), 77. 
